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Abstract
Based on models of confinement of quarks, we analyse a relativistic scalar particle subject to
a scalar potential proportional to the inverse of the radial distance and under the effects of the
violation of the Lorentz symmetry. We show that the effects of the Lorentz symmetry breaking can
induced a harmonic-type potential. Then, we solve the Klein-Gordon equation analytically and
discuss the influence of the background of the violation of the Lorentz symmetry on the relativistic
energy levels.
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I. INTRODUCTION
The search for physics beyond the Standard Model (SM) has been increased with the
need for understanding new phenomena, such as, the unbalance between matter-antimatter
and the dark matter. With respect to the dark matter, it is expected that the dark sector
can interact with the visible sector, and thus, it can induce the detection of a weak fifth
force in such a way that it can be investigated in decays of an excited state of 8Be [1].
From the studies of quantum chromodynamics (QCD), the size of the proton radius can be
estimated through the quark interaction mediated by virtual gluons. Further, experiments
with electrons have shown that the value of the size of the proton radius is in agreement
with that yielded by the existing theories. However, recent researchers have considered a
muon in orbit around a proton and shown that the radius of the proton is different [2]. It is
worth pointing out that these facts occurred just when SM goes through its final test: the
detection of the Higgs boson [3] at the LHC. Hence, it is necessary to clarify a fundamental
question: the Higgs mass. Therefore, these phenomena need a theory that goes beyond SM.
In the last decades, the search for a more fundamental theory has given rise to proposal
that became known as the Standard Model Extension (SME) [4–6]. An interesting point
of SME is that there exist terms that violate the Lorentz symmetry by imposing at least
one privileged direction in the spacetime. In recent decades, studies of the violation of the
Lorentz symmetry have been made in several branches of physics [7–35].
In this paper, we consider a relativistic scalar particle subject to a scalar potential pro-
portional to the inverse of the radial distance. We also consider this particle to be under
the effects of the violation of the Lorentz symmetry. The violation of the Lorentz symmetry
is established by a tensor field. Then, we chose a particular background of the violation of
the Lorentz symmetry that yields a harmonic-type potential. Thereby, we show that the
Klein-Gordon equation can be solved analytically, and then, discuss the influence of the
background of the violation of the Lorentz symmetry on the relativistic energy levels.
The structure of this paper is as follows: in section II, we introduce a scalar potential by
modifying the mass term of the relativistic equation. We also introduce the background of
the Lorentz symmetry violation defined by a tensor field that governs the Lorentz symmetry
violation out of SME. Thus, we consider a background of the violation of the Lorentz sym-
metry yielded by a radial electric field and a non-null component of the Lorentz symmetry
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breaking tensor and solve the Klein-Gordon equation analytically; in section III, we present
our conclusions.
II. RELATIVISTIC EFFECTS
In this section, we consider a relativistic scalar particle subject to a scalar poten-
tial proportional to the inverse of the radial distance, and thus, we investigate the ef-
fects of a harmonic-type potential produced by an anisotropic environment generated by
a violating term of the Lorentz symmetry on this system. We deal with a model that
goes for energy scales beyond the Standard Model. In recent years, two of us [36, 37]
have studied the relativistic quantum dynamics of a scalar particle in a background that
breaks the Lorentz symmetry based on the model investigated in Refs. [5, 6, 33, 38, 39],
where it is introduced a nonminimal coupling into the Klein-Gordon equation given by
pˆµpˆµ → pˆµpˆµ + g4 (KF )µναβ F µν (x) F αβ (x), where g is a constant, F µν (x) is the electro-
magnetic tensor and (KF )µναβ is the tensor that governs the Lorentz symmetry violation
out of SME [5, 6, 34, 38]. From the properties of the tensor (KF )µναβ [33], it is well-known
that it can be decomposed into 3× 3 matrices that give its parity-even sector ((κDE)jk and
(κHB)jk) and its parity-odd sector ((κDB)jk = − (κHE)kj) [53]. Thereby, the Klein-Gordon
equation can be written in the form [33, 36, 40]:
pˆµpˆµΦ− g
2
(κDE)i j E
iEj Φ+
g
2
(κHB)j k B
iBj Φ− g (κDB)j k EiBj Φ = m2 Φ. (1)
On the other hand, as discussed in Ref. [41], a scalar potential can be introduced into
the Klein-Gordon equation through the modification of the mass term: m → m + S (~r, t),
where m is a constant that corresponds to the mass of the free particle and S (~r, t) is a scalar
potential. It is worth mentioning that, by considering the scalar potential to be S = S (~r),
therefore, we build a relativistic position-dependent mass system with the introduction of
S (~r) [42–48]. In this work, we consider a scalar potential proportional to the inverse of the
radial distance, then, the mass term of the Klein-Gordon equation becomes
m (r) = m+
χ
r
, (2)
where χ is a constant that characterizes the scalar potential S (~r). It has been studied in
models for confinement of quarks [42], in condensed matter physics [49] and in the cosmic
3
string spacetime [50]. In this work, we work with the Minkowski spacetime in cylindrical
coordinates and the units ~ = c = 1:
ds2 = −dt2 + dr2 + r2 dϕ2 + dz2. (3)
Now, let us consider a background of the Lorentz symmetry violation determined by
the presence of the electric field ~E = λ r
2
rˆ, where λ is a constant related to a uniform
volume distribution of electric charges [36]. In this way, since the component of the Lorentz
symmetry breaking tensor (κDE)11 can be considered to be a constant [54], then, the Klein-
Gordon equation (1) becomes(
m2 +
2mχ
r
+
χ2
r2
)
Φ = −∂
2Φ
∂t2
+
∂2Φ
∂r2
+
1
r
∂Φ
∂r
+
1
r2
∂2Φ
∂ϕ2
+
∂2Φ
∂z2
− g (κDE)11 λ
2 r2
8
Φ. (4)
Observe that the last term of the right-hand side of the Klein-Gordon equation (4) gives
rise to a harmonic-type potential [36]. Note that this system has the cylindrical symmetry,
therefore, the eigenvalues of the z-component of the angular momentum operator and the
z-component of the linear momentum operator are conserved quantities. This allows us
to write the solution to Eq. (4) in the form: Φ (t, r, ϕ, z) = e−iE t ei l ϕ eipz z f (r), where
l = 0,±1,±2,±3, . . . are the eigenvalues of the z-component of the angular momentum
operator and pz = const are the eigenvalues of the z-component of the linear momentum
operator. In the following, let us define the parameters:
ω2 =
g (κDE)11 λ
2
8
;
θ = 2mχ; (5)
β = E2 −m2 − p2z.
We proceed with a change of variables given by ξ =
√
ω r, and thus, we rewrite Eq. (4)
in the form:
f ′′ +
1
ξ
f ′ − (l
2 + χ2)
ξ2
f − ξ2 f − θ√
ω ξ
f +
β
ω
f = 0. (6)
By imposing that when ξ →∞ and ξ → 0, then f (ξ)→ 0, therefore the function f (ξ) can
be written in terms of an unknown function h (ξ) as follows:
f (ξ) = ξ
√
l2+χ2 e−
ξ2
2 h (ξ) . (7)
Next, by substituting Eq. (7) into Eq. (6), we find out that the function h (ξ) is a solution
to the second order differential equation:
h′′ +
[
1 + 2
√
l2 + χ2
ξ
− 2ξ
]
h′ +
[
β
ω
− 2− 2
√
l2 + χ2 − θ√
ω ξ
]
= 0. (8)
Eq. (8) is called in the literature as the biconfluent Heun equation [50, 51] and the function
h (ξ) = HB
(
2
√
l2 + χ2, 0, β
ω
, 2θ√
ω
; ξ
)
is the biconfluent Heun function.
Let us write h (ξ) =
∑∞
k=0 bk ξ
k, which means that h (ξ) is written as a power series
expansion around the origin [40, 52]. Thereby, we substitute h (ξ) =
∑∞
k=0 bk ξ
k into Eq. (8)
and obtain the relation
b1 =
θ
√
ω
(
1 + 2
√
l2 + χ2
) b0, (9)
and the recurrence relation
bk+2 =
θ bk+1 +
√
ω
(
2k + 2 + 2
√
l2 + χ2 − β
ω
)
bk
√
ω (k + 2)
(
k + 2 + 2
√
l2 + χ2
) . (10)
We go further in search of bound state solutions, thus, we must impose that the bicon-
fluent Heun series terminates. This occurs, from Eq. (10), when
β
ω
− 2− 2
√
l2 + χ2 = 2n; bn+1 = 0, (11)
where n = 1, 2, 3, . . ., which means that the biconfluent Heun series becomes a polynomial
of degree n when the two conditions given in Eq. (11) are satisfied. From the condition
β
ω
− 2− 2
√
l2 + χ2 = 2n, we obtain
En, l = ±
√
m2 + 2ω
(
n+
√
l2 + χ2 + 1
)
+ p2z, (12)
which corresponds to the relativistic energy levels of the system. Observe that n is the
quantum number related to the radial modes.
Furthermore, in order that the biconfluent Heun series terminates, we also need to analyse
the condition bn+1 = 0 given in Eq. (11). For this purpose, let us return to the series
h (ξ) =
∑∞
k=0 bk ξ
k and obtain the first three terms of it. We start with b0 = 1 and then,
from Eqs. (9) and (10), we have
b1 =
θ
√
ω
(
1 + 2
√
l2 + χ2
) ;
(13)
b2 =
θ2
2ω
(
2 + 2
√
l2 + χ2
)(
1 + 2
√
l2 + χ2
) − ϑ
2
(
2 + 2
√
l2 + χ2
) ,
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where ϑ = β
ω
− 2− 2
√
l2 + χ2. Hence, by dealing with the lowest energy state of the system
(n = 1), we have that bn+1 = b2 = 0. From this condition, we can express the parameter
χ that characterizes the Coulomb-type scalar potential in terms of the parameters of the
Lorentz symmetry violation, the mass of particle and the quantum numbers {n, l}. This
relation is obtained by taking the solutions to the following fourth degree algebraic equation
for χ:
χ41, l −
(
ω
m2
+
ω2
m4
)
χ21, l −
ω2
m4
(
l2 − 1
4
)
= 0, (14)
where we have labelled χn, l in order to emphasize that the possible values of this parameter
depend on the quantum number {n, l}. Thereby, the four permitted values of the parameter
χ1, l, which is associated with the lowest energy state of the system, are
χ
(1)
1, l =
√
2
2m2
√
ωm2 + ω2 + ω
√
2ωm2 + ω2 + 4m4l2;
χ
(2)
1, l = −
√
2
2m2
√
ωm2 + ω2 + ω
√
2ωm2 + ω2 + 4m4l2;
(15)
χ
(3)
1, l =
1
2m2
√
2ωm2 + 2ω2 − 2ω
√
2ωm2 + ω2 + 4m4l2;
χ
(4)
1, l = −
1
2m2
√
2ωm2 + 2ω2 − 2ω
√
2ωm2 + ω2 + 4m4l2.
In this way, both conditions established in Eq. (11) are satisfied, and thus we obtain a
polynomial solution to the function h (ξ). With this information, the expression for energy
level of the lowest energy state of the system (n = 1) is given by
E1, l = ±
√
m2 +
√
g (κDE)11 λ
2
2
(
2 +
√
l2 + χ21, l
)
+ p2z. (16)
Finally, let us use the label χn, l and write Eq. (12) in form:
En, l = ±
√
m2 +
√
g (κDE)11 λ
2
2
(
n+
√
l2 + χ2n, l + 1
)
+ p2z. (17)
From Eqs. (11) to (17) we can observe that the effects of the Lorentz symmetry violation
modify the relativistic energy levels of the Coulomb-type scalar potential [37, 41]. The
influence of the background of the violation of the Lorentz symmetry on the Coulomb-type
interaction restricts the parameter χ to a set of permitted values in order to achieve a
polynomial solution to the function h (ξ). As an example, for the lowest energy state of the
system, the set of the permitted values of χ has been given in Eq. (15).
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III. CONCLUSIONS
We have investigated relativistic effects on a scalar particle under the influence of a scalar
potential proportional to the inverse of the radial distance and the violation of the Lorentz
symmetry. We have considered a background of the violation of the Lorentz symmetry
that yields a harmonic-type potential on the Klein-Gordon equation. Then, in search of
polynomial solutions to the function h (ξ) given in Eq. (7), we have seen that the effects
of the Lorentz symmetry violation modify the relativistic energy levels of the Coulomb-
type scalar potential. The influence of the Lorentz symmetry violation background on the
Coulomb-type interaction restricts the parameter χ to a set of permitted values that yield
a polynomial solution to h (ξ). As an example, we have obtained the permitted values of χ
for the lowest energy state of the system.
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